


ON UNIVERSAL BANACH SPACES OF DENSITY CONTINUUM 

CHRISTINA BRECH AND PIOTR KOSZMIDER 

o 

£*\J ' Abstract. We consider the question whether there exists a Banach space X 

of density continuum such that every Banach space of density not bigger than 
continuum isomorphically embeds into X (called a universal Banach space of 
density c). It is well known that £oo/cq is such a space if we assume the 
continuum hypothesis. However, some additional set-theoretic assumption is 
needed, as we prove in the main result of this paper that it is consistent with the 

wi , usual axioms of set-theory that there is no universal Banach space of density 

c. Thus, the problem of the existence of a universal Banach space of density c 
is undccidable using the usual axioms of set-theory. 

We also prove that it is consistent that there are universal Banach spaces 

^U| , of density c, but Ioo/cq is not among them. This relies on the proof of the 

P_l ■ consistency of the nonexistence of an isomorphic embedding of C([0, c]) into 

■*— > 

S: 

1. Introduction 

Let C be a class of Banach spaces. We will use the following standard notion 
^C of a universal Banach space for C: X is universal (isometrically universal) for C if 

_~ ' leC and for any Y £ C there is an isomorphic (isometric) embedding T : Y — > X . 

iy~\ , Similarly, one can define a universal Boolean algebra for a class of Boolean 

(*C) • algebras where the embedding is a monomorphism (injective homomorphism) of 

iy~! , Boolean algebras. For topological compact Hausdorff spaces it is natural in this 

f^ ' context to use the dual notion: K is universal for a class T of compact Hausdorff 

spaces if K € T and for any L € T there is a continuous surjection T : K — > L. 

Probably the most known and useful result about the existence of universal 
Banach spaces is the classical Banach-Mazur theorem (Theorem 8.7.2 of [13]) which 
says that C([0, 1]) is an isometrically universal space for the class of all separable 
Banach spaces. On the other hand, Szlenk's theorem proved in [15] says that there 
are no universal spaces for separable reflexive Banach spaces. 

It is well-known that topological and Boolean algebraic objects translate into 
Banach-theoretic ones but, in general, not vice-versa (see Chapters 7, 8 and 16 of 
[14] ). in particular we have the following: 

Fact 1.1. If there is a universal Boolean algebra of cardinality k or a universal 
totally disconnected compact space K of weight k or a universal continuum of weight 
k, then there is an isometrically universal Banach space of density k. On the other 
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hand, if there is an (isomorphically) universal Banach space of density re, then there 
is one of the form C{K) for K totally disconnected and there is one of the form 
C{K) for K connected. 

Proof. By the Stone duality, the existence of a universal Boolean algebra of cardi- 
nality re is equivalent to the existence of a universal totally disconnected compact 
space of weight re. Also, any compact Hausdorff topological space has a totally 
disconnected preimage of the same weight (Proposition 8.3.5 of [Mj) and so, a uni- 
versal totally disconnected compact space of weight re is also universal among all 
compact spaces of weight re. 

Recall that any Banach space X is isometric to a subspace of C(Bx*) (Proposi- 
tion 6.1.9 of [14]), where Bx* is the dual unit ball of X considered with the weak* 
topology, which is connected and has weight equal to the density of X. 

To prove the first assertion, suppose there is a universal compact space K (either 
totally disconnected or connected) of weight re. Given any Banach space of density 
re we get, in both cases, a continuous surjection (j) : K — > Bx*. The fact that 
<j> induces an isometric embedding of C(Bx*) into C(K) (Theorem 4.2.2 of [14] ) 
and that X can be isometrically embedded in C(Bx*) implies that C(K) is an 
isometrically universal Banach space of density re. 

Let us now prove the second assertion. If there is a universal Banach space X 
of density re, as X can be isometrically embedded in C(Bx*), any Banach space of 
density re can be embedded as well, so that C(Bx* ) is a universal Banach space of 
density re (and Bx* is connected). But Bx* has a continuous preimage K which is 
totally disconnected and of the same weight, so that C(K) is a universal Banach 
space of density re as well. □ 

In this paper we consider the question of the existence of a universal Banach 
space of density continuum, denoted c. 

As Parovicenko proved in [IT] that under CH, p(N)/Fin is a universal Boolean 
algebra of cardinality c, the same hypothesis implies the existence of an isometrically 
universal Banach space of density c, namely C{K) where K is the Stone space of 
p(N)/Fin (homeomorphic to /3N \ N). Moreover, C(K) is isometric to (-oo/cq. 
Conversely, using quite general model-theoretic methods, Shelah and Usvyatsov 
showed in [13] among others that it is consistent that there is no isometrically 
universal Banach space of density c. We can summarize these results as: 

Theorem 1.2 Qllj. |13j). Assuming CH, (-oq/cq is an isometrically universal Ba- 
nach space of density c. On the other hand, it is consistent that there is no isomet- 
rically universal Banach space of density c. 

The main result of our paper, proved in Section 2, shows that for the existence 
of a universal Banach space of density c (where not only isometric isomorphisms 
are allowed as embeddings, but we allow all isomorphisms) some extra set-theoretic 
assumption is also necessary: 

Theorem 1.3. It is consistent that there is no universal Banach space of density 
c. 

Our proof is quite inspired by the proof in [2] that it is consistent that there is 
no universal totally disconnected space (nor continuum) of density c. However, the 
proof of [2] is allowed to rely on the fact that their embeddings (homeomorphisms) 
preserve set-theoretic operations as well as the inclusion, which is not true in general 
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for linear operators, i.e., A C B does not imply that T{\a) < T(xb), etc. Actually, 
by the Kaplansky theorem if there is an order isomorphism between Banach spaces 
C{K) and C(K') then K and K' are homeomorphic and so, there is exists an 
isometry of the Banach spaces (Theorem 7.8.1 of [H]). Hence preserving the order 
lies at heart of the difference between universal and isometrically universal Banach 
spaces. 

To overcome these difficulties we use a strong almost disjoint family of subsets 
of u)\ (first constructed in pQ), i.e., a family (X^ : £ < 0J2) of subsets of u>\ such 
that X(: D X v is finite for distinct £, 77 < w%. Already the existence of such a family 
cannot be proved without extra set-theoretic assumptions. Similar uses of almost 
disjoint families of N instead of Wi were apparently initiated by Whitley in his proof 
of the fact that Co is not complemented in £oa (|16j). 

In Section 3 we prove that even if there are universal Banach spaces of density 
continuum, Ico/cq does not have to be one of them. 

Theorem 1.4. It is consistent that there are universal Banach spaces of density c, 
but £oq /co is not among them. 

The model where this takes place is the standard Cohen model. This time we 
follow the main idea of the proof by Kunen in [8] of the fact that in this model 
the algebra p(N)/Fin does not contain well-ordered chains of length c. The main 
trick is to use the richness of the group of automorphisms of Cohen's forcing which 
are induced by permutations of u>2- This allows us to prove that £<x}/co does not 
contain an isomorphic copy of C(K) , where K is the Stone space of a well-ordered 
chain of length c (such a K is simply homeomorphic to [0, c] = [0,W2] with the 
order topology). However, not all permutations which can be used in Kunen's 
proof would work in our argument. 

The terminology concerning forcing is based on [9] and the one concerning C{K) 
spaces is based on [14] . The results of this paper answer questions 5 and 6 from [7] . 

2. Nonexistence of a universal space of density c 

The model in which there will be no universal Banach spaces of density c is the 
model obtained by a product of two forcings, Pi and P2. Pi is the c.c.c. forcing 
of Section 6 of [T] which adds a strong almost disjoint family (X^ : £ < W2) of 
uncountable subsets of wi, that is, X% (~l X v is finite whenever £ ^ r\ and P2 is the 
standard tx-closed and W2-CC. forcing for adding W3 subsets of uj\ with countable 
conditions (Fn(uj 3 x wi,2,u;i) of Definition 6.1 of 9 ). The ground model V is a 
model of GCH. 

Definition 2.1 (pQ Section 6). Fix a family (Y^)^ <ul2 of uncountable subsets of uj\ 
such that Y^ nY v is countable for different £, r\ £ u>2 and let Pi be the partial order 
of functions f whose domain domf is a finite subset of L02, /(£) G [^{] <w f or every 
£ S domf and, given f, g S Pi, put f < g if 

• domg C domf ; 

• g(0 C /(£) for every £ € domg; 

• /(£) n f(n) = g(£) n g(i]) for different £, 7/ £ domg. 

Let us remind some properties of Pi which we will need. 
Lemma 2.2. The following assertions hold: 
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(a) Pi is c.c.c. of cardinality L02- 

(b) Pi has precaliber wz, that is, every set of cardinality w 2 has a centered subset 
of cardinality w 2 ■ 

(c) Pi forces that there is a strong almost disjoint family (X^ : £ < W2) of uncount- 
able subsets of W\ (this is denoted ^4(^i, H 2 , Hi, Ho) in pQ,). 

(d) If the ground model is a model of GCH, then Pi forces c = oj 2 and that GCH 
holds at other cardinals. 

Proof. For (a) and (c) see Section 6 of pQ. To prove (b), fix (f a ) a eu 2 £ Pi. By the 
A-system lemma, there is a subset S C w 2 of cardinality w 2 such that (dom/ a ) Q g5 
is a A-system of root A. Since for each £ £ A there are at most u)\ possibilities for 
/«(£) (because /<*(£) 6 [Vj] <w and |lj| = wi), by thinning out the family a finite 
number (|A|) of times, we can assume without loss of generality that / q |a = Jp\a 
for every a,/3 S S, which makes (f a )aes a centered family. For c < w 2 and GCH 
at other cardinals in (d), use the standard argument with nice-names (Lemma VII 
5.13 of [9j). To obtain that c > u; 2 in V Pl , use Theorem 3.4 (a) of p], where it is 
proved that under CH there is no strong almost disjoint family of size u%. □ 

Definition 2.3. Let P 2 be the forcing formed by partial functions f whose domain 
domf is a countable subset of W3 x lui and whose range is included in 2 — {0, 1}, 
ordered by extension of functions. Given a subset A C 103, we denote by P 2 (A) the 
forcing formed by the elements of ¥2 whose domain is included in A x w\. 

We summarize in the next lemma the properties of ¥2 which we will use. 

Lemma 2.4. Assume GCH. The following assertions hold: 

(a) ¥2 is isomorphic to ¥2(A) x P 2 (w3 \ A), for any A <Z co^. 

(b) ¥2 is a-closed and UJ2-C.C. 

Proof. See Section VII 6 of [9]. □ 

And finally we conclude some properties of the product Pi x P 2 . 

Lemma 2.5. Assume GCH. The following assertions hold: 

(i) P2 forces that ¥\ is c.c.c. 
(ii) Pi x P 2 is L02-C.C. 

(Hi) Pi x P 2 preserves cardinals and in V FlXP2 we have that c — w 2 . 
(iv) Let k — uii or k = 0J2 and let A C uj 3 . If X is in the model V PlxP2 ^ ' and 
(Y^ : £ < k) € V PlxP2 is a sequence of subsets of X all of cardinality < k, 
then there is in V a subset A' of W3 of cardinality < k such that (Y^ : £ < 
K ) e yV 1 xP 2 (AuA')^ 

(v) Suppose A C W3 and j3 G ui^ \ A. If X 6 V Pl is an uncountable subset of u>\, 
then XflGp £ V rPlxP2(A ) where Gp=GD P 2 ({/3}) and G is ¥ x x ¥ 2 -genemc 
over V . 

Proof. In this proof we will be often using the product lemma (Theorem VIII 1.4. 
of [9]). It implies that Pi x P 2 can be viewed as the forcing iterations Pi * P 2 or 
P 2 *Pi. 

Note that in V P2 we have that Pi = Pi and so, Lemma T2.2I (a) implies (i). For 
(ii) note that any product of an w 2 -c.c. forcing and a forcing which has precaliber 
w 2 is w 2 -c.c, so Lemma \2. 21 (b) and Lemma \2. 4K b) imply (ii). 
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For (iii) note that wi is preserved by P2 *Pi since it is preserved by P2 by Lemma 
(b) and later by Pi by (i). Other cardinals are preserved by (ii). In V Pl we 
have c = W2 by Lemma \2. 2 1 (d). It is also true in V Pl ' xP2 since in V Pl the forcing 
P2 is wi-Baire and hence it does not add reals. 

(iv) is a consequence of the standard factorization, as for example in Lemma 
VIII 2.2. of [9], which can be applied by (ii) and Lemma liOl (a). 

For (v) consider in V PlxP2 ^ 

d y = {pe p 2 ({/3}) : p~ l ({i}) n x n dom( P ) /ymn dom( P )} 

where Y is any subset of u>\ in v PlxP2 ^- A \ Since for any q £ p2({/3}) one can 
find a finite extension p satisfying p _1 ({l})nln dom(p) ^ Y P\ X P\ dom(p)} we 
may conclude that p £ p2({/3}) and hence, Dy is a dense subset of P 2 ({/3}) which 
belongs to V PlxP2 ^ A \ Now, by the product lemma, Gp as in (v) is aP2({/3})-generic 
over V PlXP2 ^ and so we may conclude (v). 

□ 

To prove the main result of this paper, we need a combinatorial lemma concerning 
measures over a Boolean subalgebra of p(w\). 

Lemma 2.6. Let B be a Boolean subalgebra of p(u>\) which contains all finite sets 
of ujx, L its Stone space and let (X 7 ) 7ew2 £ IB be a strong almost disjoint family. 
Given a family (^)^ui * n C(L)* , there is 70 £ ^2 such that 

V 7 e(7o,W2) V^G^! VICI 7 if X £ B, ihen nt([X\) = ^ nt([{\}]), 

\ex 

where [X] denotes the clopen subset of L corresponding to X by the Stone duality. 

Proof. Let us first prove the following: 

Claim. There is 7' £ uj-i such that 

Vje(-f',Lj 2 ) V^e^i VICI 71 if X e B, then nt([X]) = /x f ( (J [{A}]). 

\ex 

Proof of the claim. Suppose by contradiction that the claim does not hold. Then, 
there is A £ uj-i of cardinality W2 such that for every 7 £ A there are £ 7 £ w\ and 
Y 1 £ X 1 such that 

M[K,])^,(U [{A}]) - 
Aer T 

Since there are at most ui possibilities for £ 7 , we may assume without loss of 
generality that £ 7 = £ for a fixed £ € u)\. Also, we can assume without loss of 
generality that there is a natural number m such that for all 7 G A, 

Let n be a natural number greater than m ■ ||/i^|| and let 71, . . . , 7„ be different 
ordinals in A such that 

/*([*»])-/*( (J KA}]) 

agk,. 

are either all positive or all negative. 
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Since (^7)76^2 is a strong almost disjoint family in B, it follows that {Y 1 ) 1 £A is 
also a strong almost disjoint family in B and so, putting 

E^ = [Y y ]\ |J [{A}], 
we have that (-E 7 ) 7e A is a pairwise disjoint family of Borel subsets of L. Then, 

n n 1 

K(U E ^\ = E MM - M«( IJ [W])l > n • - > ||M£||. 
i=i i=i agk,. 

a contradiction, which concludes the proof of the claim. 

Let us now prove the lemma. Suppose by contradiction that the lemma does not 
hold. Then, there is AC (7', W2) of cardinality L02 such that for every 7 G A there 
are £ 7 G Wi and I7 C X 7 such that 

^([^7])^ £/*,([WD- 

AeK, 

By the previous claim, we conclude that 

Mil [WD* £m[WD- 

agy t Aer T 

Since there are at most u>\ possibilities for £ 7 , we may assume without loss of 
generality that £ 7 = £ for a fixed £ G ui\. Also, we can assume without loss of 
generality that there is a natural number m such that for all 76 A, 



i/*(lhW])-£^([W])i>-J-- 



agk,. AeKy 

Fix 7 G A Let Z 7 = {A G r 7 : /^([{A}]) ^ 0} and W 7 = F 7 \ Z 7 . Z 7 is a 
countable set and since /i£ is er-additive, 

M«( U [WD = E M«([{A}]). 
Then, putting 

*7 = M£(U [WD- E^UWD, 

Aey 7 Aey 7 

using the fact that ([{A}])agwi is a pairwise disjoint family and that M^([{A}]) = 
for any A G W 7 , we get that 

^7= m«( U iwd+m«( U [WD- E^awD- E ^«wd 

Aez 7 Aew 7 Aez 7 Aew 7 

- m«( IJ [WD- E^([WD + ^( IJ [WD = /M U [WD- 

Aez 7 Aez T Aew 7 Aew 7 

Let n be a natural number greater than m • ||/i^|| and let 71, . . . ,7„ be different 
ordinals in A such that (5 lj )\<j< n are either all positive or all negative. Since 
W 1 C F 7 C Xy and (Xy) 7ea)2 is strong almost disjoint, then for each 1 < j < n, let 
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Fj be a finite subset of W 7j . such that {W lj \ Fj)\<j< n are pairwise disjoint. Note 
that by the additivity of /x^ , 

Hi U twi) = M U k a >1) - E Hdim = >h( U twi) = <^< 

since /^([{A}]) = for every A 6 W 7 . Then, 

imU U [W])i = iX>( U [W])i = iE*7ii>n-^>ikii, 

which is a contradiction and completes the proof of the lemma. D 

For the sake of the proof of the main result, let us adopt the following notation: 
if .A is a Boolean algebra, then Cq(A) is the set of all formal linear combinations of 
elements of .A with rational coefficients. If A C B are Boolean algebras, then Cq(A) 
can be identified with a (nonclosed) linear subspace of C(K), where K is the Stone 
space of B. If A = B, then the subspace is norm-dense by the Stone- Weierstrass 
theorem. The closure Cq(A) will mean the norm closure. We can talk about linear 
bounded functionals v defined on the spaces Cq(A), which correspond to finitely 
additive bounded measures on A (see Section 18.7 of [14 ]). li A = B, they have 
unique extensions to continuous linear functionals on C(K), where K is the Stone 
space of A, which can be interpreted as Radon measures on K. It turns out that 
families of finitely additive measures viewed as functionals on Cq(A) can code all 
the information about operators between Banach spaces C(K). This is useful in 
the forcing context, since if Aq C p(u>2) is in an intermediate model, then such 
a measure could be interpreted as a subset of p(ui2) x p(u) which belongs to the 
intermediate model, so that the factorization of Lemma 12.51 (iv) can be applied, 
while the corresponding Radon measure is at least as big as the Stone space of the 
Boolean algebra. On the other hand, representing operators T into a C(K) space as 
functions sending x € K to T*(5 X ) in the dual space is quite classical (see Theorem 
VI 7.1. of |3]). Here T* : C*{K) -> C*(K) is the adjoint operator of T given by 
T*(fj,)(f) — fi(T(f)) where by the Riesz representation theorem the elements of 
C*(K) are identified with the Radon measures on K. 



Proof, of Theorem 11.31 

Let V be a model of GCH. By Lemma I2.5[ we have that Pi x P2 preserves 
cardinals and in the extension V FlxP2 we have c = ^2- 

By Fact 11.11 it is enough to prove that there is no universal Banach space of 
density c which is of the form C(K) where K is totally disconnected, i.e., where K 
is the Stone space of a Boolean algebra. In the extension V ¥ix¥2 , take any Boolean 
algebra A of cardinality L02 = c. We will prove that G(K) is not a universal Banach 
space of density c, where K is the Stone space of A. 

Since A has cardinality u>2, we may assume that A is a subalgebra of p{u>2) 

and so, Lemma |2~51 (iv) applies to the sequence of its elements and hence, there is 

a < w 3 such that A 6 V* 1 ***™. 

Let B be the Boolean subalgebra of p{u)\) of all subsets of w\ which are in 
F P 1 xP 2 (a+^ 2 ) and let L be its Stone space in yP lX P 2> 

We will prove that in V Pl xr>2 the space C(L) cannot be isomorphically embedded 
in C(K), which will give that C(K) is not a universal Banach space of density c, 



8 CHRISTINA BRECH AND PIOTR KOSZMIDER 

concluding the proof. Suppose it can be isomorphically embedded and let us derive 
a contradiction. 

Working 1 * 1 " 2 . 

Let T : C(L) ->• C{K) be an isomorphic embedding and T" 1 : T[C(L)} -» C(L) 
its inverse. Let £>o C B C p(wi) be the Boolean algebra of all finite and cofinite 
subsets of wi- 

Claim 1. There is a Boolean algebra .Ao S „4 and a bounded sequence of finitely 
additive bounded measures (z/£ : ^ 6 wi) on Aq such that 

(i) \M <«i, 

(2) If £ G wi and p^ G C{K)* is such that p^(x[a]) = v c( a ) f° r each a £ Aq, 
then for each A G Wi we have /^(T^x^j])) = <^({A}). 

Proof of the claim: 

For each / G C(K) there is a countable subalgebra Af C „4 such that / G 
Cq(^4./), because we can approximate / by finite linear combinations with rational 
coefficients of characteristic functions of clopen sets. So, take any Aq such that 
A T ( X[{X}] ) Q A for every A £ Wi. 

Let 4>(: — (T _1 )*(i5j) be a bounded linear functional on T[C(L)] which corre- 
sponds to 5% on C{L). In particular, we have that 

Of course, ||<^|| < ||(T _1 )*||, so the sequence of ^'s is bounded. By the Hahn- 
Banach theorem, for any f € wi, ^ has a norm-preserving extension ip£ which 
is defined on C(K). Finally, for £ G Wi, let v^ be the finitely additive bounded 
measure (see Section 18.7 of [H|) on Aq defined by 

U£(a) =il>t(x[a])- 

Now suppose that p^ G C(K)* is such that pf(X[a]) = ^c( a ) f° r each a £ 
A- Then, /5f(X[a]) — ^(X[a]) f° r each a G A3, and so, by the linearity, the 
Stone- Weierstrass theorem and the continuity, we may conclude that P^\Cq(Aq) = 

tfj^\Cq(Ao)- But by the choice of Aq, we have that T(x[{A}]) £ Cq(Aq) for each 
A G ui\ and so, 

~pz{t{x[{\}\) = i>d T ix[{\y\)) = M T (x[{\}])) = ^({A}), 

which concludes the proof of the claim. 

By Lemma \2. 5 1 (iv), we can find B C U3 \ a of cardinality u>i such that B £ V 
and the sequence {v^ : £ < Wi) and Boolean algebra Aq are in v rPlxP2 ( QUB ). Now 
working in \/ Pi><P2 ( qUS ), apply Tarski's theorem (Proposition 17.2.9 of [H]) to 
extend v^ 's to norm-preserving finitely additive bounded measures p^ on A. 

Claim 2. For every g G Cq(A), the sequence (J gdp^ : £ < u\) belongs to 

^PixP 2 (qUB) 

Proof of the claim: Both the algebra A and the sequence (p% : £ < Ui) belong 
to y p i xp 2( a[jB ) . Hence Cq(A) is in this model and the evaluation of the integrals 
follows their linearity and depends only on the values of the measures on A. This 
completes the proof of the claim. 

Now work again in V x 2 . Consider the strong almost disjoint family (X 1 : 7 < 
w 2 ) added by Pi (by LemmaES) and the adjoint operator T* : C(K)* -> C(L)*. 
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For £ £ wi, let TV be the unique functional on C(K) extending p^ (see Section 18.7 
of [2]), so for each a 6 .Ao we have 

Pt(X[a]) =Pd a ) = ^(«)- 

By Claim 1, we have that pf(T(x[{\}])) = <%({A}) for each £, A e wi. 

Now, let /i£ be the Radon measure on L corresponding to the functional T*(jjt) 
on C(L). In particular, for each (,A6wi we have 

(2-1) Me([{A}])=^(T( X[{A}] ))=^({A}). 

By Lemma 12.61 there is 7 G W2 such that for each (fwi, we have 

for every X C Xy, IeB. Then, if /3 < a + W2 is such that sup(ct + W2) n £> < /3 
(which certainly exists because J3 has cardinality oj±) and G,g is the projection of 
the Pi x P2-generic G over V on the /3-th coordinate in Pa, we have that 

(2.2) ^P 7 n^])= E ^([{A}])- 

Taking / = T(x[x T nG«]) an d combining equalities ()2.1[) and ()2.2)) . it follows that 

\eXynGp ( 1 H 

Now, take g £ Cq(A) such that |.g - /|| < 1/3| K^*)— 1 1 1- 
Using the fact that 

llp ? ll = ll&ll = ll(n -1 (^)ll < HCn -1 !! • \\k\\ < IKn -1 !!. 

we get that |p^(.g — /)| < 1/3, hence 

f , f ,_ f >2/3 if^A^nG^ 
J gd Pi =J gdp^ <1/3 if? ^ X7nG/3 . 

Since the formulas /<3>p£ > 2/3 and Jgp^ < 1/3 are absolute, by Claim 2 we 
conclude that X 7 n Cfy belongs to ^/ Pi><P2 ( qUS ), which contradicts Lemma [231 (v) 
and concludes the proof. 

□ 

3. Ioo/cq MAY NOT BE AMONG EXISTING UNIVERSAL BANACH SPACES 

Our main purpose in this section is to prove that the Banach space £oo/cq may fail 
to be a universal space of density c and at the same time there may exist universal 
Banach spaces of density c. Actually, we prove that this situation takes place in the 
model obtained by adding u>2 Cohen reals to a model of GCH. Moreover, the reason 
why £00/ cq is not universal can be seen quite explicitly, namely in that model it 
contains no isomorphic copy of C([0, c]). 

Definition 3.1. Let P be the forcing formed by partial functions f whose domains 
domf are finite subsets of w% x W and whose ranges are included in 2 = {0, 1}, 
ordered by extension of functions. 

Theorem 3.2. Assume GCH . P forces that there is a universal Banach space of 
density c. 
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Proof. This is just the conjunction of the results of [2] and [5]. As noted in [2] at the 
beginning of Section 6, in [5] it is proved that the existence of a c-saturated ultrafiltcr 
on N is equivalent to the conjunction of Martin's Axiom for countable partial orders 
and 2 <c = c. The former holds in any model obtained by adding at least c Cohen 
reals and the latter holds in any model obtained by a c.c.c. forcing of size 102 which 
adds W2 reals over a model of CH+2" 1 = u>2- Hence, if we assume GCH, P forces 
that there is a c-saturated ultrafilter on N. Now we use the observation included 
at the end of Section 5 of [5] that the existence of a c-saturated ultrafiltcr on N 
implies that there is a universal continuum of weight c and apply Fact 11.11 □ 

Now we proceed to the proof of the fact that IP forces that ^oo/ c o contains no 
isomorphic copy of C([0, w 2 ]). This is motivated by a result and the proof of Kunen 
in [5] saying that P forces that p(N)/Fin has no well-ordered chains of length c. 

Definition 3.3. A nice-name for an element of i^ is a name of the form 
f = IJ {([[n,m},% n , m (j>)],p) -pe A„, m }, 

n,mGNxN 

where [[n,rh],q] stands for the canonical name for an ordered pair whose first el- 
ement is ordered pair (n, fh) and whose second element is q; A n>m 's are maximal 
antichains in P; and q n , m '■ A n , m — > Q are functions. 

Given a nice-name f for an element of l^, as above, we define the support of f 
by 

supp(f) = [J{dom(p) : p <E A n , m }. 

Thus, formally the value of a nice-name for an element of Soc is a function 
/:NxM^Q. This can be treated as a code for an element of l^ for example if 
we associate with such an / the element of £oo (formally a subset of R N ) equal to 
lim m _j. 00 /(n, m) at n. 

Theorem 3.4. Assume CH. P forces that there is no isomorphism of C '([O,^]) 
into Ioo/cq. 

Proof. Assume CH and suppose that there was in V r an isomorphism of C([0, W2]) 
into ioo/co: let f be a name for it. Fix k 6 N and q e Q such that P lh ||T|| < q 
andPlhg- Wf' 1 ]] < k - 1. 

For each a < CJ2, let f a be a nice- name for an element of l^ such that P lh 
[fa]c — T(x[ 0a }), where [f a ]c denotes the equivalence class of f a in £oc/cq. Let 
A a = supp(f a ) C u 2 . 

By CH and the A-system lemma, there is X C oj 2 of cardinality u>2 such that 
(A a ) al zx form a A-system and a £ A a . Then, using standard arguments we may 
assume w.l.o.g. that whenever a < /3 and a, ft € X, there is an order-preserving 
function a a .p : A a — ¥ Ap such that a at p(a) = /3, which is constant on A a PtAp and 
such that it lifts up to an isomorphism 7r Q .^ : P(A a U Ap) — > P(A a U Ap) such that 
7r^ a — Idp(A Q uyi 3 )! ""a a(/q) — //3 an d where 7r* is the lifting of 7r to the P-names as 
in Definition VII 7.12. of [9j. As any finite permutation is a composition of cycles, 
for any finite F C X and any permutation a : F — s> F there is a permutation 
7r CT : L02 — > UJ2 such that 

(3-1) <(/ Q ) = fa( a ) 
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Now, let a be a permutation of 102 with the following property: there are ol\ < 
■ ■ ■ < a2k < L02 all in X such that 

(3.2) cr(a 2l -i) = a, and a{a 2 i) = a 2 k-(i~i), for all 1 < i < k. 

By Lemma VII 7.13 (c) of [£T and (3.1), for any formula <j> and any permutation a 
of X we have 

(3.3) Plh0(/ Ql ,...,/ Q2 J IPIh^ (ai) /^)). 

Notice that ((cx2i—i, ct2i])i<i<fe ar e pairwise disjoint clopen intervals and so, it 
follows that 

II 22 X[0,<* a< ] - X[0,oai_i] II = II /I X( a2i - U a 2i ] II = II /2 X(«i,<* afe ] II = *' 

i— 1 i— 1 i— 1 

which implies that 

Plh llE x [°^] -X[o,« 2! _ 1 ]ll = 1 

i=l 

and consequently, 

fe k 

PI!" ll^t/a*].* - [/^-Jcoll = ||T(X)X[0,a 2i ] -XlCa^-x])!! < 3- 



Then, by 

fe 

(3-4) P Ih || Y^lMa^U - [/<r(«„_o]co II < Q- 

i=\ 

But (|3.2[) yields that afc G (a:,,a!2fc-(i-i)] for every 1 < i < k, so that 

fe k 

ll5jX[0,o-(a ai )] ~ X[0,a(a 2 *-i)] II = ll5jX[0,« 2te _ Ci _ 1) ] ~ X[0,a<] || 
i=l i=l 

= ll5j»C(a 4 ,a afc _ (4 _ 1) ]ll > fc -!' 
i=l 

and then, P also forces that 

fe fe 

fe _ ! < Wz2x[0.a(a 2i )} ~ X[0,a(a 2i _i)] II = II^^C / y [fa(a M )]co ~ [/o-(a a< _i)]co) II 

i=l i=l 

fe 

^llr-'ll-lEt/^a^k-I/.rCa^okll 

8=1 

which implies that 

fe , _ , 

Pll" IIE^(°«)^ ~ L/WoUl > ]^7 > <?> 

i=l W 1 II 

contradicting equation (|3.4p and concluding the proof. D 
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It is natural to ask if we can directly conclude the nonexistence of an embedding 
of C([0, c]) into £oo/cq from the fact that p(N)/Fin does not have well-ordered 
chains of length c in this model. This could be done, for example, if we could 
prove that Clop(K) has a well-ordered chain of length re whenever C([0, re]) embeds 
isomorphically into C(K), for K totally disconnected. 

However, this is not the case even if the embedding is isometric. It is clear that 
C([0, re]) isometrically embeds into C(K), where K is the dual ball of C([0, re]) with 
the weak* topology. Using Kaplansky's theorem (Theorem 4.49 of [5]) saying that 
any Banach space has countable tightness in the weak topology and comparing the 
weak and the weak* topology in K, we can prove that in K there are no sequences 
(E7g)g< Wl of weak*-open sets such that Ug C U v for £ < r) < Wi. Moreover, if L is 
the standard totally disconnected preimage of K, we can prove (using quite tedious 
and technical arguments which we do not include here) that L has no uncountable 
well-ordered chains of clopen sets, but as L is a continuous preimage of K we have 
an isometric copy of C([0, re]) inside C(L). 

Note, for example, that the situation with antichains instead of well-ordered 
chains is quite different. For a totally disconnected K, C(K) contains a copy of 
C(L) where L is the Stone space of the Boolean algebra generated by an uncountable 
pairwise disjoint family of elements (i.e., C(L) is isomorphic to cq(uji)) if and only 
if the Boolean algebra Clop(K) contains a pairwise disjoint family of cardinality us\ 
(Q2], Theorem 12.30 (ii) of [6]). 

However, we still do not know if in the concrete case of K = (3N \ N it is possible 
not to have well-ordered chains of length W2 of clopen sets and at the same time 
have an isomorphic (isometric) copy of C([0, W2]) inside C((3N \ N) = loo/co- 
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